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Completion Theorem

De 'S A  completion of a metric space l X
,
d ) is a pair ( l Y

.
M

.
Z )

,
where

⑦
l Y

,
P ) is a complete metric  space

( i.e .  every Cauchy sequence  converge )

②
E : X → Y is  an isometric  embedding ,

i.  e. for  

any
X

,

x
'

E X
,

d I x .  x
'

) =p C Bad
,

Bex 's )

③ ENT = Y

Th m Every metric space ( X. d ) has  a completion .

Proof I Without using Cauchy completion as  in Lecture 3. p .
 25 - 27 )

Step I : Consider the normed
space

of real - valued bounded continuous functions

endowed with sup norm ¢CX ) , Holla )
.

Show  that it is complete .

Step 2 : Construct an isometric embedding Z : X → Cb H )

Step 3 : Define Y :  = FIX ) E Cb CX ) with induced metric

PIG
. h ) :  

-

-Hg -Has

Show that

44
,

P )
,

Io ) is a  completion of Hid )
.

Goal Fill in  the details  of the above proof .



Q1 ) Show  that ICKX )
,

Hills ) is complete .

Sol ) Let Cfn ) Ecb CX) be a Cauchy sequence . Given E > O
.

I N E IN such that

V-m.MN
,

Hfn - fmllao L E

.

'

.

V x E X
,

I fnlx ) - -5mW IS Htn
- FmHas CE

.

'

. Vx EX
,

( Tnk ) ) EIR is  a Cauchy sequence .

By completeness of IR
,

I !

GEIR
such that

hi?Ink
)  = Zx

.

Define -5 :X → IR by This

:=z×
.

We first show  that In converges  to  t uniformly :

Vm
.  n  ZN

,

Vx  E X
,

Hnk ) - fmlx ) I L E

Take me  too : I Talk ) - full E E
,

Fn  2N
,

Vx  E X

.

'

.
Ksn -

THI E
.

Hence Tn converges to -5 coliform ly on X
.

Therefore
, by the Interchange Theorem

,

FE CKX )
.

Also
,

I
n'

FIN
= -5

.

.

'

.

Hn ) converges  in Cba )

i . Every Cauchy sequence  converges .

Hence
,

( CMX)
.

Hallas) is  complete .



Rink
The InterchangeTheorem for functions  on a metric  space is  as follows :

Th m Let THE
,

be  a  sequence  of bonded l resp .  continuous ) functions

on  a  metric  space ( X. d) such that In ) converges  uniformly to -5
.

Then f is also bounded l resp .  continuous )
.

Pf Exercise
.

feealso I Bartle - Sherbert : Introduction  to Real Analysis I Fourth edition ) ]

)
§ 8.2 Ex ? ( resp .

Thin 8.  2.2 )



Q2 ) Construct an  isometric embedding Io :X → cbcxg
.

×

Sol ) Fix p
E X s Define Io : X → CKX ) by Eas - I

,
where

Tx :X → IR is defined as Tx Cz ) :  - d Cz
,

 x ) - dlz.pl

Showing Io is  well-defined
,

i.e .

Tx E Cb ( X ) "

④ Bounded : V-2  E X
,

I -5×124 = Idk ,  

xs-dcz.pslsdcx.pt( Lipschitz ) Continuous : V-2
,

z
'

a X
,

I -5×12 ) - fxk 'll

=/ Idk , x ) - da
. pi ) - I du 's  x ) - dczsp , ) ) Eld k

.  x ) - diz
'

.
 x ) It Id tips

- dcz.pl

E d Cz ,  z

'

) t d 12,2
'

) = 2dL 2,2
'

)
.

:
.

Tx Ecb IX )
.

hence Io is  well-defined
.

Showing 8 is  an isometric embedding
: Vx

,
x

'

E X
,

It

-5×-1
.

. HE dcx
. x )

[ E ] : tf  z E X
,

I -5×6 ) --5×1211= I @lzxs-dc2.pD -ldcz.xt-dcz.ph/=ldcz.xs-dcz.xHEdlx.xs
.

i
.

It
-5×-7

.
Has S d IX. x

's
.

[ Z ] : HI
,

- HhsZfxCH- f.
 

txt

=
dix. x I -

dcxixs-dcx.nl
.

Hence
,

8 is  an isometric embedding .



Q 3) Define Y ÷ FIX ) E Cblx ) with induced norm P Holla

Show that 44
.

P )
,

Io ) is a  completion of Hid )
.

Sol )

Showing
( I Y

, , 8) is  a  completion of CX ,
d ) :

① ( Y
.

P ) is  a  closed subspace  of ( CMX )
,

Hills ) which is  complete by Q1
,

.

'

.

I Y
, P ) is  complete ( By Lecture note

,

Ch
.

3
, Prop . 3.1lb ) )

② Io : X → YE Cb CX ) is an isometric
 embedding :  for  any x.  x

'

E X
,

d Cx ,
x

'

I = HI
,

- =p I Ioan
,

Bix 's )

③ TENT =  
Y :  follows  from the definition  of Y

.


