Tu‘h’)lﬂlml T ComFIe‘t'lon T heorenmn

Leon Li

23/10/ 2019




COMPleﬁon Theorom

et A completion 03 o metric spuee (X,d) is @ pair (1Y.P). ) whee
DY, P)is a complete metric space (i.e. evory Caichy sequemee conarge)
@D E: X~ s on Isometric embedding , de.Fowany x, 56 X,
o (k. x' )= (J(Em E109)
@ Z0 =Y
T Bvery wetrc cpoee (X.d) hos o completion
PosS (Withoyt using Coushy completion s in Lectwe 3 p.25-27)
Step 1 Consder the novmaed spoce o real-volved bouudse! continvavs Fimebions
endowed with sup norm. (C0X) 110 Show Heot i+ 15 conplete.
Step 2 Conctict an Isondiic embelding 2 X = CY)
Stap 3 Defie (= B0O S COO with indvied mtric Pl m)=llg-hl
Show that (,£), B) Fs o completin op (X,d),
Gaol Fill in the defuils o e abue prors.



A1) Show that [CX), 1) s complete.
Col ) Let (§)SC°X) he o Cawhy sequence. Givon £50 .
INEN sk that VN, [Fa-full, <&
SV e X Iwo-£000 < [f-Full, <5
LoV e, (RYER s a Gudy sequomee.
BY completemess o8 R, 31 2R suth that Lm0 ==,
Define T2 X — R by So=z2,
We $ist chow Hhat T Conveyis to wiforM\\/!
YmnsN, Vxe X, [0 -faol< &
Take m—o w0 ¢ [T0-F0| £ € , YarN, ¥xeX
- fllse Hone Tn convorges to £ wiforwly on X.
Tharcfoe, by the Intorchonge. Theoran, & C1X),
Also, MeSe =5 7 (£ wwerges b COO

= Ew//y Cavct\y Segvence leVfurgu.HemcaJ [CbDOI ”HJ Is Comp\eTﬂ.



Ruk The Tnterchange Theorem Tor Sunctions on o wetric space is os Solles
Thin Let (07, be o sequene o bounded (resp. continucus) Sumctions
on o wibiic spoce (X.d) svdh thit Bn) comerges uniSormly 1o 5.
Thon 5 15 also bowded (resp, continous)
P¥ Brercise.
(965 also (Bortle ~Sherbort  Tntwduetion to Rea) Avalysts (Fouth edition) J)

%%.9. kex (VesP,Thm, 3.2.2)
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Q2) Comtnet on kometric emmeddiy E:X—CX). (P
Sol) Fix pe X s Define B X C¥) by Eoo=F,, whe
T X = R s defined 0 F,(2)1= d (2,0~ dlzp)
Showing 2 is well-deSined, e T € C(X)*
® Bowded « Yz e X, [fil2| = [dzo-depl<dup.
© (Lot G - 5
=|[dz0-dep)- (dem-dep) | € \Aczx> A 0|+ [d p - dea.p)

<dzz)+dlz,2)= 2d@2) .
L ReCK), honce B is well-deSined.
Showing & 15 an fsometre embodding Vrox e X, 55l doxxy
€71 V2 € XI5 - F,t2] = |Blzn-dizp) -z - dizp|
= [dezx0 ~dizsol € e, MFe=Fllo € dlxon)
D27 - fllo > 500« .60 = diwx)- dkxd= dix),

Mewce , $ [s an fsomdite mhd&f@_



Q3) Define = BOO S CO with indveed novm 2= [,
Show that (11,), B) fs o completion o8 Kid).
Sel ) Showiy (V.01 2) is « completion o (x, d):
O .£) is o closd shspuee o8 (I which i complete by B,
D UNP) fs conglete (By Lechoe note,Ch.3, Prop.3.116))
@ B:X— XS 5 on fomaebric embadig: Foramy x,x € X .
dix kY= 16~ Tl = (B0, Bixn)

@ ?ET(;) :\( : fo”vw: Fom the c]éffwition of \(



